This article proposes a method to compute the maximum allowable delay time (  ) for linear-timeinvariant-time-delayed-systems (LTI-TDS) with state-PID feedback control. It presents the main theorem with corollary, and computing steps to obtain .
INTRODUCTION
Control of systems with delays has been a very active issue for academic and industry for several decades because of many concerned practical systems including heat and chemical processes, material transport systems, etc. (Normey-Rico and Chamacho, 2007) . The most common control technique for this system category is proportional integral derivative (PID) control. As microcontrollers become cheaper, embedded systems have been increasingly used worldwide. Unlike their analog counterparts, microcontroller-based control needs time for instruction-set execution, data conversion process, and data communication in the control loop. These introduce inevitable delay to a computer-controlled system, although, the plant itself is not a delayed type. Characteristic equation of such a system becomes transcendental. In effect, the number of eigenvalues becomes infinite (Michiels et al., 2002; Richard, 2003) . Control design via eigenvalue assignment for this class of systems is not simple as researchers have developed the finite spectrum assignment methods to achieve this (Manitius and Olbrot, 1979; Wang et al., 1995; Brethe and Loiseau, 1998 ).
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Delay also has a detrimental effect on stability (Niculescu, 2001) . Since a system can withstand a certain delay time before becoming unstable, stability analysis is a prime interest for prediction of a tolerable delay. An early method for stability test was proposed by Rekasius (1980) . The method uses exact bilinear transformation to represent the transcendental term as ratio of spolynomials. The work has been extended to timedelayed linear-time-invariant (LTI) systems (Olgac and Sipahi, 2002) . The same authors present their comparative studies among five stability analysis methods, and conclude that the Rekasius' method is the most attractive one due to simplicity, accuracy and exactness (Sipahi and Olgac, 2006) . Moreover, this approach lends itself nicely to stability analysis of retarded and neutral systems (Sipahi and Olgac, 2003; Sipahi, 2004, 2005) . Interestingly, the method has been applied for computing generalized eigenvalues of certain constant matrices. It uses a matrix pencil approach that can be executed in finite steps, and applied for predicting a tolerable delay (Chen et al., 1995; Niculescu, 2001; Fu et al., 2006) . Recently, a new approach based on Lambert W-function to compute eigenvalue spectrum and predict stability of a delayed system has been proposed (Asl and Ulsoy, 2003; Yi et al., 2010) . Computation based on this approach is rather complex. Furthermore, there is no guarantee for existence and convergence of a solution. From our experience of using the method via the command "fsolve" of MATLAB TM , computing did not converge to a solution for a system of higher order than two.
In engineering practice, state-derivative (or state-D) feedback is a useful approach particularly to mechanical vibration control. Recently, state-PID feedback has been proposed for regulation problem of an LTI system (Sujitjorn and Wiboonjaroen, 2011) . The concept is extended to an LTI system with a single delay as described by this paper. Since the stability of an LTI system is sensitive to delay and derivative component, this article presents stability analysis based on Routh's criterion in comparison with the matrix pencil approach.
Various numerical examples and a case study of pendulum control are demonstrated. Moreover, stabilization of a LTI system with delay using a low-pass filter is presented. This article presents the reviews of our computing approaches, results, numerical examples with discussions and conclusion, respectively.
COMPUTING METHODS
Here, we give reviews of two computing methods used in this article to obtain a tolerable delay. Consider a linear-time-invariant with single time-delay system (LTI-TDS) represented by:
where 
or in a general form: 
Direct method
Computing procedures to obtain  :
Step 1: Define the system characteristic equation in the form of Equation 3.
Step 2: Substitute the transcendental term in Equation 3 by the Rekasius substitution, and arrange the characteristic equation in the form of,
Step 3: Construct the Routh's array, 
where m is the maximum order of s in Equation 4.
Step 4 
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Matrix pencil method
in which n is the system order and nd is the commensurate degree.
Rearrange the transformed characteristic polynomial (Equation 7) in the form of Equation 8:
where
Step 3: Construct the Hurwitz matrix:
Step 4: Compute the real eigenvalues of the matrix pencil Γ for
, as:
and
where U and V consist of square block matrices of order n+nd.
Step 5 
 
Note that, for both methods, Steps 1 to 4 require symbolic programming; otherwise, they need to be done by hand. Steps 5 to 6 use conventional numerical computing.
MAIN RESULTS
Tolerable delay
Consider a LTI-TDS of the form: 
Theorem 1
Suppose that the system (Equation13) is completely controllable and t-stabilizable (Olgac and Sipahi, 2004) , for the state-PID feedback that control the system characteristic equation is:
Proof
For the delayed control input:
the closed-loop system can be expressed by:
The system (Equation 13) possesses the following characteristic equation: 
This completes the proof. The following is an immediate consequence of theorem 1.
Corollary 1
For a completely controllable and t-stabilizable system (Equation 13):
1. With the state-P feedback control, the characteristic polynomial is expressed by:
2. With the state-D feedback control, the characteristic polynomial is expressed by:
3. With the state-PD feedback control, the characteristic polynomial is expressed by:
4. With the state-PI feedback control, the characteristic polynomial is expressed by:
According to the Rekasius substitution: The maximum delay time ( ) can be figured out from:
 results in critical or marginal stability. This means that a t-stabilizable system remains stable if 0. 

Stabilization
Consider a LTI system having single input of the form of Equation 13. If the system is unstable, a stabilizing state-PID feedback is designed by applying a first-order low pass filter to Equation 13, when K f and T f is the DC gain and the time constant of the filter. In this way, a timedelayed system can be stabilized, that is, the system is more robust to the delay time. Corollary 2 is also an immediate consequence of Theorem 1.
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Corollary 2
Consider the system described by Theorem 1 with the maximum allowable delay   . A low pass filter is added to the system. Therefore, the system characteristic equation can be express by: Applying the aforementioned characteristic polynomials, one can compute for the parameters of the low pass filter that stabilize the system. In other words, the system will be able to tolerate a longer delay time.
The following examples serve to demonstrate the proposed method via simulations. The first case study is explained in details. Since the other cases have similar work procedures, they are presented in brief with results. 
The system is unstable, and has its eigenvalues at Figure 1 illustrates responses of the system states. As shown in Figure 1a , the response converges to zero, as the delay time is less than the maximum allowable delay. In contrast, oscillatory and unstable responses can be observed in Figure 1b and c, as the delay times are longer than the maximum delay. Now we present the calculation procedures based on the matrix pencil approach as follows, that is, one can write the characteristic polynomial of the system as: qs The next step is to form the Hurwitz matrices, and is obtained as: 
Example 5: State-PID feedback
The state-PID feedback method is applied to stabilize the same system, and the proposed direct method is applied to obtain the maximum allowable delay. As a result, the following data are obtained:
 
18.794 0  Figure 2a illustrates stable responses, while Figure 2b and c illustrates unstable ones. At this stage, we can conclude that the proposed direct method is exact, and gives the same accuracy as the existing matrix pencil method does. The calculation procedures are quite different. The matrix pencil approach needs some knowledge of matrix algebra and numerical computation. The direct method proposed needs only basic knowledge of Routh's criterion and loop iterative computing commonly taught in undergraduate level.
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Example 6
